A generalization of the Littlewood-Paley inequality for 
the fractional Laplacian (— A)"/^ 
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Abstract 

We prove a parabolic version of the Littlcwood-Paley inequality for the fractional Laplacian 
(-A)"/^ where a e (0,2). 
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1 Introduction 

Let T2^t be the semigroup corresponding to the heat equation ut = Au (see (|2.8p ). The classical 
Littlewood-Paley inequality says for any p G (l,oo) and / G Lp{M.'^), 

/ \VT2j\'dt) dx<N{p)\\frp. (LI) 

In [5] and Krylov extended (|l.ip by proving the following parabolic version in which if is a 
Hilbert space. 

Theorem 1.1 Let H be a Hilbert space, p G [2,oo),— oo < a < b < oo, f € Lp{{a,b) x R'^,H). 
Then 

{ \VT2,t^s finds) dtdx<N{p) / (L2) 

jR<i J a \Ja J JR'i J a 

Let a G (0, 2). The main goal of this article is to prove (jl.2p with dx^'^ and T^^t in place of V 
and T2^t respectively, where T^^t is the semigroup corresponding to the equation ut = — (— A)"/^«. 
That is, we prove 
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Theorem 1.2 Let H be a Hilbert space, p G [2,oo),— oo < o < 6 < oo, and f be an H-valued 
function of{t,x), then 



Jwi J a 



W^T^,t-sf{sr){x)\lds 



dxdt < N{a,p) 



Iffndtdx. 



(1.3) 



If f{t,x) = f{x), then (jl.3p easily leads to the Littlewood-Paley inequahty (jl.ip with 5"^^ and Tq 



in place of V and T2^t (see Remark l2.5p . 

Our motivation is as fohows. For several decades, the fractional Laplacian and partial differential 
equations with the fractional Laplacian have been studied by many authors, see for instance [2] and 
[9]. Motivated by this, we were tempted to construct an Lp-theory of stochastic partial differential 
equations of the type 



du 



-{-^y/'^udt + ^f^dwt u(0,x) = 0. 



(1.4) 



k=l 



Here / = (/^,/^,---) is an ^2-valued random function of (t,x), and are independent one- 
dimensional Wiener processes. It turns out that if / = (/^, • • • ) satisfies certain measurability 
condition, the solution of this problem is given by 



oo „t 

u{t,x) = Y^ / T^,t-sfHs,-)ix)dwl 



(1.5) 



and by Burkholder-Davis-Gundy inequality (see [6]), we have 



E 



\d^/Mt,-)rLdt<N{p)E 



Jw^ 



\d^/^To,,t-sf{s,.){x)\lds 



p/2 



dxdt. (1.6) 



Actually if / is not random, then the reverse inequality also holds. Thus to prove dx^'^u E Lp and 
to get a legitimate start of the Lp-theory of SPDEs of type (jl.4p . one has to estimate the right-hand 
side of (jl.6p . Later, we will see that (jl.3p implies that for any solution u of equation (jl.4p . 



E 



uit,-)r^^,dt<Nia,p,T)E 



T 



^2fLds, 



(1.7) 



where ||u||^c«/2 := ||(1 - A)°/^u||ip. 

As usual stands for the Euclidean space of points x = (x^, x*^), Bj.{x) := {y G : 
\x — y\ < r} and Bj- := Br{0). For /? G (0, 1), and functions u{x) we set 



d 



' dx^ 



u), d^Mx) = :F-'m^umx) 



where J-'{f){£,) = /(O := J^dS ^^'^f{x)dx is the Fourier transform of /. If we write N 
N(...), this means that the constant depends only on what are in parenthesis. 
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2 Main Result 

In this section we introduce a slightly extended version of Theorem 11.21 Fix a G (0, 2) and let 
Pa{t,x) = p{t,x), where t > 0, denote the Fourier inverse transform of e"'^^'^)"*'^'" , that is, 

p{t,x) := [ e^«-e-(2-)'^*l«l"d^ 

and p{x) := p{l,x). For a suitable function h and t > 0, define 

mix) := {pit, •) * hi-))ix) := [ Pit, X - y)hiy)dy, (2.8) 

i-A)hix) := af := T-\\^fTihm)ix). 

Then, for ^ > 0, 

= t-P/'' ■t-'^l''(i)pix/t^/")*hix), (2.9) 

where 

(t^pix) := [ |e|^e^«-^e-(2-)"l«l"d^ = (-A)^p(x). 
The following two lemmas are crucial in this article and are proved in section [3l 
Lemma 2.1 Denote (p/siS,) = J^((/>/3)(.^), then there exists a constant N = Nid,a,f3) > such that 

\MO\<m\^ mm\<N, 

\M^)\ < N (^j-^ and |V0^(x)| < iV A l) . 

Lemma 2.2 For each a E (0, 2) and /3 > 0, there exists a continuously dijjerentiable function 
4>pip) defined on [0,oo) such that for some positive constant K which depends on d,a,f3, 

+ \Vct>pix)\ + \x\\V<l^pix)\ < ^^i\x\), I \^'pip)\ dp < K, 

-l/a 







TOO 

oo) = 0, / \4!pip)\pUp<- Vr>(10) 
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To make our inequality slightly extended, we consider convolutions (see (|2.9p ) with more general 
functions. Let ij{x) be a C^(M'^) function such that \'tp{C)\ < Kl^l" for some > 0, j^l^l^ACOl < K 
for some A > 0, and assume that for some d > ^, there exists a continuously differentiable function 
tp satisfying 



\i;{x)\ + \V^P{x)\ + \x\\ViP{x)\ <ip{\x\), / \ij{p)\dp<K, VM = 

and 

poo 

/ \i^'{p)\p'^ dp<{K/r^), Vr>(10)-i/". (2.10) 

Jr 

By Lemma l2.ll and Lemma 12.21 we know (l)a/2 satisfies all the above assumptions. Define 

^th{x) := t-'^/"^(-/ti/") * hi-){x). 

For / e C^(M'^+i, i?), t> a> -oo, and x G M^, we define 

ft j„ 
gaf{t,x):=[ |vi/,_,/(s,.)(x)|2, -^]V2, g = g_^. 

J a t-S 

Here is our main result. The proof is given in section [5l 
Theorem 2.3 Let p e [2,oo), -oo <a<b<ooandfe C^{{a,b) x R'^,H). Then 

[ [\gaf{t,x)]P dtdx<N [ f \f{t,x% dtdx, (2.11) 
where the constant N depends only on d,p, a, v, A, 6 and K . 

Remark 2.4 Take tp = (j)a/2! = S = a/2, A = 1, a = and b = T, then h2.11\) implies 

I r [f \d'i/^T^,t-sf{s,-){x)\ldsf'^ dtdx<N [ r \f{t,x% dtdx. (2.12) 
jw^ Jo Jo Jr'' Jo 

Remark 2.5 Note that inequality i2.1\) with dx^^ and Ta^t in place ofV and T2^t is an easy con- 
sequence of ^KJW- Indeed, take T = 2 and f{t,x) = f{x). The left-hand side of i2.12\) is not less 
than 

\d'^'^T^,sf{x)\ldsr'^dtdx= [ [r\d'^'^T^J{x)\ldsr'^dx. 

Jm.'i Jo 



2 rl 



'1 JO 

Thus it follows that 



f'\d^/^T^,J{x)\j,dsr/^dx<N [ 




H 



dx, 



and the self- similarity {dx^'^Tasf{c-)){x) = c°'^'^{dx^'^Ta^c"sf){cx) allows one to replace the upper 
limit 1 by infinity with the same constant N . 
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3 Preliminary estimates on {—A)P' p(tjx) 

In this section we study the upper bound of |(— A)^/^p(t, x)| and |V(— A)^/'^p(t, x)|, and then we 
prove Lemma 12.11 and Lemma 12.21 Actuahy the arguments in this section ahow one to get the 
upper bound of \D'^{-Af/'^p{t,x)\ for any m > 0. 



Lemma 3.1 There exists a constant N = N{d,a,(3) > such that 

N 



|(-A)2p(x)| < 



(3.13) 



Proof. See [3] for ti = 1 and [1] for d > 2. Actually in [3], ()3.13p is given only for /3 = 0. Also in 
[3], (— A)^p(x) is estimated in terms of power series (Proposition 2.2), however the series does not 
converge if a > 1. For these reasons, we give a detailed proof. Also some inequalities obtained in 
this proof will be used in the proof of Lemma |3.4[ 
For d = 1, since |^| is an even function, we have 



{-A)2p{x) 



2Re 



2Re- 



X 



^/3gi«g-(27r)-«/x)^ 



d^. 



(3.14) 



Assume < a < 1. Consider the integrand as a function of the complex variable Since the 
integrand in (j3.14p is analytic in the complement of the non-positive real half line and is continuous 
at zero, if we take principal branch cut, for > 0, the path integration is zero on the closed path 



77V (t) := 



N + i{t- N) 
3N -t + iN 
i{m - t) 



iiO<t<N 
if N <t<2N 
ii2N <t<3N 
ii3N <t< m. 



By letting N ^ oo, one can move the path of integration to the positive imaginary axis, and gets 
(note |e-(2-)°(^«/-)'^| < 1) 



|(-A)2p(x)| 



2Re- 



.1+13 



{life 



idi 



< 



/ i^e-^di < 
Jo 



N 



If 1 < a < 2, we use another closed path 



7Ar(t) := < 



iVcos^ + isin^(-^-Ar) 



(3A^ 



if < t < A^cos^ 

if A^ cos ^ < t < 2A^ cos ^ 

if 2A^cos^ < t < 3Afcos^. 
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Thanks to the path integration on the above path, which looks hke formally replacing ^ by ^e*2a . 
we get (since |e-(2-)"(«e'*/^)" | = l) 

\{-A)^p{x)\ < |2Re^ r(ee*^)'3e^«^'*e-(2-)"«^"^/-)'^e^^d^| 

X Jo 

2 r°° ^ . iv 



Next, let d > 2. Since the function {—A)^p{x) is radial, we may assume x = {\x\, . . . , 0), and if 
we denote the surface of the d-dimensional unit ball by S"^~^ and the surface measure by da, then 
from the spherical coordinate we have 

(-A)lp(x) = [ |e|^e^«'l^le-(2-)"l«l"de 

>d 

|e|^cos(^Vl)e-('")"l«l"de 

>d 
oo 



r^+'^-i / cos(mVl)e-(''^^"l^l"dadr. 
Furthermore we can express a G 5"^"^ as a = (cos0, cf) sin 9) with 9 € [0, vr] and (j) € 5"^"^, and get 
(-A)2p(x) = r r^+d-^ r sm'^^'^{9) [ cos(r cos e|x|)e-(2^)"l^l"#d0dr 

= Ad-2 / r^+'^^l / sin^-2(^)pQg(^pQg^|^|)g-(2^)-|rr^^^^^ 

Jo JO 

where ^d_2 is the area of S(i-2 and 1- By the changes of variables r\x\ — ?• r and t = cos9, 

i-A)2p{x) = Ad-2^jgTd / ^^^'^"^ / sin'^"^(e)cos(rcos0)e-(2-)"('^/l^l)"(i0dr 
fI JO Jo 

= Aa-2y^ r^+d^i cos(rt)e-(2-r(^/N)"(l-t2)('i-3)/2rfirf^. (3.15) 



To proceed further, we use Bessel function Jn{z) and Whittaker function l^o^„(z). For any complex 
z that is not negative real and any real n > — ^, define 

Uz) := ^. ^^i" ^ /' (1 - er~^'^ cos{zt)dt, 

WoA^) ■■= T;f— TT / + t/z)r-'/'e~'dt (3.16) 
r(n+ 2) Jo 

where argz is understood to take its principle value, that is, |arg2:| < vr. It is known (see, for 
instance, [12] p. 346, p. 360 and [TI] p. 314) that the two functions are related by the formula 
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--^= exp{^(n + ^)7ri}Wo,n{2iz) 



In particular, if z is a positive real number 

Jniz) = 2Re 

We also know (see, for instance, [12] p. 343) 

Wo,n{z) = e-^^'{l + 0{z~^)} 
Due to (I3J6D and (fXTTl) . from (I3l3]l we have 



(3.17) 



(3.18) 



(-A) 2p(x) 

Ad-2 



COS 



iV(d) 



(rt)e-(2-)"(^-/kl)"(l_i2)(d-3)/2^^^^ 
^,+./22./2-ir(l - l))^/^J(,/2)-l(r)e-(2-)"(^/l^l)"dr 



(3.19) 



1 ,d 1 



Re / r/^+('^-^)/^exp{^(^-^)vr.}l^o,W2)-i(2ir)e-(2-)'^(^/l^l)'^dr, (3.20) 



where N{d) := 2^'^~-^^/'^Ad-2T{^id-l)). From definition (f3J6]l one easily checks that the integrand 
in (I3.20p is analytic in the complement of the non-positive real half line and is continuous at zero. 

Let < a < 1. Remembering (j3.18p and doing the path integration on an appropriate closed 
path, as in the case d = 1, we can change the path of integration in (j3.20p from the positive real 
half line to the negative imaginary half line. Taking this new path of integration, that is to say, 
formally replacing r by —ir, one gets (note |e~*'^'^^"^~*'^'/l^l^" | < 1) 

|(-A)§p(x)| 
N{d) 



< 



N 



Rej[°°(-ir)'^+('^"^)/^exp{i(^-i)7ri}Wo,(,/2)_i(2r)e-(2-)'^(--/N)%dr 







Let 1< Q < 2. Then le"*'^'^"'^ 



r^+i^-mw,^^,/,)_,{2r)dr < 



N 



\l3+d- 



< e 2 , and thus 



l^^o,{d/2)-i(2ire *2a)| < 
Note that if d > 3 then 



e 2 



[t{l + t/{2ire-'^))] 



T{d/2 - 1/2) 
l+t/(2ire-*^)|('^-3)/2 < \l+t/r\^''-^y\ 



(d-3)/2g-t 



dt. 



and if d = 2 then 



|l + t/(2ire-*^)ri/2 < (i + igin_/(2r))-V2 < 2(1 + 

2a 

It follows that for any r > 0, we have |VFo^(d/2)-i(2«re~*2S)| < 21^0 (•^/2)-i(^)- 
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We do the path integration on a different closed path and change the path of integration in 
(j3.20p from the positive real half line to the half line {re~*2^ : r > 0}. Taking this new path of 
integration, that is to say, formally replacing r by re~*2S, one gets (note \e~^'^^'^°'^'^^ = 



\i-A)^p{x)\ < 
< 

The lemma is proved. 



N 



\x\P+<^ 



(re-^^)/5+(^-i)/2VFo,(d/2)-i(2ire-^)e-(2-)"(--'^/l-l)° 



dr 



□ 



Remark 3.2 In the proof of Lemma \3.1\ (see ^3.14\ ) and i3.19\) ) we proved that for any /3 > 0, 



^/3gi«g-(27r)-K/x)- 



d^ 



< N, when d = 1, 



where N = N{a,(3,d) > is independent of x. 



< N, when d> 2, 



(3.21) 
(3.22) 



Remark 3.3 Even though \3.13\) is enough for our need, we believe it is not sharp. Actually it is 
known (see fJ^) that if [3 = 0, then 



p{t,x) 



\d+a 



At' 



-d/a 



Lemma 3.4 There exists a constant N = N{d, a, f3) > such that 

1 



|V(-A)2p(x)| < N{ ^ 



V 



Proof. Let d = 1. By i^Mil, 

, d 



dx 



(—A) 2p(^x) 



Jr 



< 



|^|/3+2l 



d^\ 



Let d > 2. From (I3.19P and the inequality 



l^(-A)^p(x)| = I^(-A)-P(x) J^l < I^(-A)-P(x)| 



(3.23) 
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it easily follows that 



< 



\{-A)2p{x)\ 



|a;|/3+d-ri ■ 



POO 



^j.\l3+d+a+l 

Thus by IK22\i . 







\(-A)^p(x)\<N{j-J-j-V ^ 



The lemma is proved. 

(Proof of Lemma 12. ip 

First two assertions come from the fact 



Next, observe that 
Similarly, 



Therefore, by Lemma [XT] and Lemma [331 there exists a constant N{d,a,l3) > such that 

The lemma is proved. 

(Proof of Lemma 12. 2|) 

By the inequalities in Lemma |2.H we have 

x)\ + \VM^)\ + kl|V</'/3(x)| < N (j-^ A l) . 



Define 



(I>f3i.p) 



P' 



^ ifp>(10)-V- 



N • (io)('i+/3)/"e-('^+'^)«^°)'''"'°-i^ if p < (10)^1/^ 
Then, (pa is continuously differentiable on [0, oo) such that 







(t>(s{oo) = 0, \4>{x)\ + \V^{x)\ + \x\\V<P{x)\<^^{\x\), I \(t>f,{p)\ dp < K 
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and for each r > (10) ^Z*^, 

I^'Mp' dp = fid + P)^P' dp = ^A±mr-^ 
The lemma is proved. □ 



4 Some estimates on Qf 

In this section we develop some estimates oi Gf by adopting the approaches in [7], where the case 
a = 2 is studied. Fix / E C^(M'^+\ i?) and denote u = Gf. 
First, we prove a version of Theorem 12.31 when p = 2. 

Lemma 4.1 There exists a constant N = N{iy, A, q, K) > so that for any T G (— oo, oo], 

ll'"llz,2{K'*+in{t<T}) - ^ll/lli2(K'*+in{i<T})- (4.24) 

Proof. By the continuity of /, the range of / belongs to a separable subspace of H. Thus by using 
a countable orthonormal basis of this subspace and the Fourier transform one easily finds 

IIHlL(R^+inO<T}) = / \mt-s)'hW{s,0\'H7^]dtd^ 

/ is<tm{t - sfi^)\''\f{s,i)\i-—dsdi 



/ \m'/n\'T\fis,0\'Hdsdt (4.25) 

-oo Jo 

By the assumption on ip, for some i^, A, K > 0, 

m)\<m'', \^\^m)\<K. 

This and the change of the variables l^^l^t — ?• t easily lead to 



(4.26) 



<K'^J t-^+^^/'^dt + J t~^^^^/'^dt< N{i^,a,X,K) 
Plugging K26\i into ()i:25D . 

The last expression is equal to the right-hand side of (j4.24p . and therefore the lemma is proved. □ 
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For a real- valued function h defined on W^, define the maximal function 

M^h{x) := sup — ^ / \h{y)\dy, 

where denotes Lebesgue measure of Br{x). Similarly, for measurable functions h = h[t) on 

M we introduce Mj/i as the maximal function of h relative to symmetric intervals: 



1 r 

:= sup — / \h{t + s)\ds. 
r>o 2r J_,. 

For a function h{t, x) of two variables, set 

M^h{t, x) := M^(/i(t, ■)){x), Mth{t, x) = Mt(/i(-, x)){t). 

Denote 

Qo:=[-2",0] X [-1,1]'^. (4.27) 
Corollary 4.2 Assume that the support of f is within [—10, 10] x -63^. Then for any {t,x) E Qq 

\uis,y)\^ dsdy < NUtU,\f\jj{t,x), (4.28) 

where N depends only on d,a,v,X and K . 
Proof. By the Lemma WA\ 

\u{s,y)\^ dsdy < [ [ \u{s,y)\^dyds<N [ [ \f{s,y)\\dyds. 



10 JB 



3d 



Since \x — y\ < \x\ + \y\ < Ad for any (t,x) E Qq and y E B^d, 

f I \f{s,y)\ldyds< f [ \f{s,y)\Uyds < N T f {s , x)\Us 

J-WJBsa J -10 J\x~y\<4d J -10 

< NMMxf{t,x). 

The lemma is proved. □ 

We generalize Corollary 14.21 as follows. 
Lemma 4.3 Assume that f{t,x) = for t ^ (—10, 10). Then for any {t,x) E Qo, 

\u{s,y)\^ dsdy < NUtM,\f\l{t,x), 

Qo 

where N = N{d, a, u, A, 6, K). 
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Proof. First, notice that if < e < R < oo, and F and G are smooth enough, then 

F{z)G{\z\) dz = - [ G'{p){ [ F{z)dz)dp 



+G{R) [ F{z)dz-G{e) [ F{z)dz. (4.29) 

J\z\<R J\z\<e 



\z\<R J\z\<e 

Indeed, (|4.29p is obtained by applying integration by parts to 

'^G{p)^\f F{z)dz\dp= r G{p)\ I F{s)dSAdp= I F{z)G{\z\)dz. 



dp 



Bp{0) 



I I F{s)dSJ dp= [ F{z 

\JdBp{0) J JR>\z\>e 



Now take C G C^(M'^) such that C = 1 in B2d and C = outside of ^3^. Set A = Qf and 
i3 = (1 — C)/- By Minkowski's inequality, Q f < QA + QB. Since QA can be estimated by Corollary 
we may assume that /(t, x) = for x € B2d- 
Denote / = take > s > r > —10, and see 



\^s-rf{r,.){y)\H < (s-r)-'^/-/ \^{z/{s-rf/'')\\f{r,y-z)\Hdz 
< (s-r)-'^/"/ lp{\z\/{s-r)'/-)7{r,y-z)dz. 



Observe that if (s, y) G Qq and jz] < p with a p > 1, then 

\x-y\< 2d, Bp{y) C B2d+p{^) C B^p{x), p = 2d+l, (4.30) 

whereas if < 1, then |y — z| < 2d and /(r, y — z) = 0. Thus by (|4.29p . for 0>s>r>— 10 and 
(s,y) G Qo 

\^s-rf{r,-){y)\H < (,-r)-('^+i)/° / [4,\p/ [s - rf/^)\{ J{r,y - z) dz) dp 

Ji AA^p 

= (s-r)-('^+i)/" / \Jj'{p/{s-rY/-)\{ J{r,z)dz)dp 

Jl JBp(y) 

poo f' 

< / |^'(p/(s-r)V")|( / J{r,z)dz)dp 

l-OO 

< NMj{r,x){s - r)"('^+i)/" / \^'{p/{s - r)i/°)|p'^ dp 



= NM,f{r,x) \^p\p)\pUp<NM,f{r,x)is-r)^/'', 

where the last inequality follows from (j2.10p and the inequality {s — r)~^/" > 10"^^". By Jensen's 
inequality (M.xf)'^ < M.xf'^, and therefore, for any {s,y) G Qo (remember 6 > a/2) 

\u{s,y)\^=r |M/,_,/(r,.)(y)|?^^ < nT mj\r,x){s - r)^'/''"Ur 



/■° -2 -2 

< iV / M^./ (r,x)dr < A^MtM^./ (t,x). 

7-10 
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The lemma is proved. □ 

Lemma 4.4 Assume that f{t,x) = for t > —8. Then for any {t,x) G Qq 

\uis, y) - u{t, x)p dsdy < NMtM,\f\lit, x), (4.31) 



where N = N{d, a, u, A, 6, K). 

Proof. Obviously it is enough to show that 

sup[|Z),n|2 + |Vn|2] < iVMtM,|/||^(t, x). (4.32) 
Qo 

By Minkowski's inequality the derivative of a norm is less than or equal to the norm of the derivative 
if both exist. Thus for fixed (s,y) G Qo we have 

I — ^ dr dr 
Wu{s,yt< / \V^s~rf{r,-){y)\l =: / l\r,s,y)- 



s — r s — r 



where 



Iir,s,y) := \V^s-rf{r,-){y)\H 

= / {Vi;){z/{s-r)'/^)f{r,y-z)dz\H 



< / ^{\z\/{s-r)'/")f{r,y-z)dz=:i{r,s,y), 

and / := Using (|4.29|) and (|4.30p again, we get for s > r, 

poo r 

i{r,s,y) < (s- r)-('^+2)/a / ^'^^/^^ _ ^^i/a^^ / j^^^^^ 

Jo JBp{y) 
f'OQ r 

< (s- r)-(°'+2)/a / _ / J(^r, z) dz) dp 

Jo JB2d+p(x) 



< ™^/(r,x)(s-r)-('^+2)/" / i; {p/{s-r)^/''){2d + p)'^dp 

Jo 

/•oo 

= NMj{r,x){s -r)-'^/'^ i^\p){2d/ {s - rf/"" + pfdp. 



For r < —8, we have s — r > 2" and 



\i^'{p)\{2d/{s-rfl^ + pf dp< / \i^\p)\{d + p)Up<N, 

JO 



i{r,s,y) < ™,/(r,x)(s-r)-V" 
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and 

dr ,^ 2, . dr 



(s — r)2/ 



(-4-r)2/-+i 



By the integration by parts, 

\Vu{s,y)\^ < N / /2(r,s,y) 



oo 



s — r 



1 ,r\.^2. 



;>-8 I I 

< NMtMj\t,x)J .^—^!±^^dr = NmtMj''{t,x). (4.33) 
To estimate DgU, we proceed similarly. By Minkowski's inequality, 

\DMs,y)\' < N [ ' (\Ds^,_rf{r,y)\j,^ + \^s^rf{r,y)\ji-^^) dr 
J —oo \ s r \^ f) / 

=: N / J^(r,s,y) dr, (4.34) 



oo s r 



where 

J(r,s,y) := (s-r)-'^/"|/ Z),V(^/(s - r)i/")/(r, y - z) 



+ (,_^)-<^/"-i| / ^l;{z/{s-r)'/'')f{r,y-z)dz\H 

= {s-ry/^]! V^{z/{s-rf'^)-{--{s-r)-^l^-^z)f{r,y-z)dz\H 

+ (s-r)-'^/°-i| / V'(z/(s-r)i/°)/(r,y-z) 

< N{s-r)~^'''~^ f ii{\z\/{s-rf/'^)f{r,y-z) dz = Ni{r,s,y). 
Jr<i 

This, (|i33|) and (jOT]) lead to ([5T]) . The lemma is proved. □ 

5 Proof of Theorem [231 

Note that we may assume a = — oo and h = oo. Indeed, for any / G CQ°{{a,b) x M"',i?) we have 
/ G C^(M'^+\i?), and inequality (|2TT]) with a = — oo and b = oo implies the inequality with any 
pair of (o, b). Since in this case the theorem is already proved if p = 2, we assume p > 2. 
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Let T be the collections of all balls Q C W^^'^ of the type 

Q,(s, y) := {(s - c°, s) x (y^ - c/2, + c/2) •••(/- c/2, / + c/2)}, c > 0. 
For a measurable function h{t,x) on M"'^^, define the sharp function 

h*{t,x) :=sup-i--/ \h{t,x) - hqldyds, 
Q \Q\ JQ 

where 

hq = J- h dyds ■= tfj Ks,y) dyds 
JQ IVl JQ 

and the supremum is taken over all balls Q £ J- containing {t,x). 
Theorem 5.1 (Feff erman- Stein) . For any 1 < q < co and h € Lq{W^^^), 

\L'^<Niq)\\h*\\L'^. (5.1) 



Proof. Inequality (15. ip is a consequence of Theorem IV.2.2 in [10], because the balls Qcis,y) 
satisfy the conditions (i)-(iv) in section 1.1 of [10] : 

(i) Qcit, x) n Qc{s, y) / implies Qc{s, y) C QNic{t, x) ; 

(ii) \Qmc{t,x)\ < N2\Qc{t,x)\ ; 

(iii) nc>oQc{t,x) = {it,x)} and UcQc{t,x) = R"'+^ ; 

(iv) for each open set U and c > 0, the function {t,x) — )• \Qc{t,x) n U\ is continuous. □ 
Next we prove 

{Gf)*{t, x) < iV(MiM,|/||,) V2(t, a,). (5.2) 

By Jensen's inequality, to prove ()5.2p it suffices to prove that for each Q = Qc{s,y) G and 
{t,x) G Q, 

/ \gf - {gf)Q\'' dyds < N{d,a,u,\,6,K)MtM^\f\jj{t,x). (5.3) 

It is easy to check that to prove (jS.Sp we may assume (s,y) = (0,0). Note that for any c > 0, 
^t/i(c ■)ix) = '^tc'^h{cx) and 



g/(c- •,c-)(t,x) = [/* |*(t-.)c"/(c"s,-)(cx)||, 

./ — oo 



2^_^f_jl/2 

oo ^ 

c~°'ds 

-oo ICS 



gfic''t,cx). (5.4) 



l^(c"*-s)/(^,-)(cx)|l,^^ll/2 
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Since dilations don't affect averages, (j5.4p shows tliat it suffices to prove (|5.3p when c = 2, that is 
Q = Qo from KTl\\ . Now we take a function C G C^(M) such that C = 1 on [-8, 8], C = outside 
of [-10, 10], and 1 > C > 0. Define 

A{s, y) := f{s, y)C{s), B{s, y) := f{s, y) - A{s, y) = f{s, y){l - C{s)). 

Then 

^t.sA{sr) = as)^t-sf{s,-), Qf<QA + GB, GB<gf 
and for any constant c, \Q f — c\ < \GA\ + \QB — c\. Thus 

/ \gf-(gf)Qfdyds<d \gf -c\^ dyds<8-f \gA\^ dyds + 8-f {GB - c\^ dyds. 
jQo JQo JQo JQo 

Taking c = GB{t,x), from Lemma 14.31 we get 

/ \Gf -{Gf )Qo\^ dyds < 8-f \gA\^ dyds + 8-f \GB - GB{t,x)\'' dyds 
JQo JQo JQo 

< NUtM^\f\lit,x) + 8-f \QB-gB{t,x)\^ dyds. 

JQo 

In addition, setting fi{s,y) := B{s,y) on s < and fi{s,y) := on s > 0, from Lemma 14.41 we see 



\f\l{t,x)+8-f \gB-gB{t,x)\^ dyds < MtM,\f\l{t,x) + NMtMMHit,^) 
JQo 

< NmtM,\f\l{t,x). 

This proves (j5.2p . 

Finally, combining the Fefferman-Stein theorem and Hardy-Littlewood maximal theorem (see, 
for instance, [lO]), we conclude (recall p/2 > 1) 



< N [ [ (M,|/|2,)P/2 dt dx 

JRrf JR 

= N [ [ (M,|/|2,)P/2 dx dt 

JR JR'i 



The theorem is proved. □ 

Below we explain why Theorem 12.31 implies (jl.7p . By (|1.6p and Remark 12.41 for any solution u 
of (|1.4p . we have 

E Twd^/MtrK/tKNE [ r\f\ldtdx. (5.5) 
Jo JR-i JO 
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By (jl.Sp and Burkliolder-Davis-Gundy inequality, 



E r \\uitr)\\l^dt<NE f [ 
Jo Jo Jm 



10 Jo 
and by Jensen's inequality 







t np/2 
\Ta,t-sfis, ■)ix)\%ds 



dxdt, (5.6) 



\Tt^,f{x)\l=Y,(l p{t-s,y)f\x-y)dy\ < N{p{t - s,-) *\f{-)\l){x). 
k ^■^^'^ ' 

Thus (I53|), ([521), dSZl) and Remark [331 imply 

\^l,dt < NE rUMl, + Wd'^^MUdt < NiT, d, a)E / T dtdx. 
Jo Jw Jo 



(5.7) 



JO 
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